PHYS 7364 — Homework #6 4 Apr 2022

Problem 1. Second quantization

In this question cj and ¢; are fermion creation and annihilation operators and the states are

fermion states. Use the convention |1111100---) = clclelelel [000---).

(a) Use the anticommutation relations for fermions to “normal-order” chegesches (“normal-

order” means commuting all annihilation operators to the right, so for instance CQCch{

normal ordered would be 020101 = —011-0162 + ¢9).

(b) Evaluate chegesches |111111000 - --) and chegeachies [111110000 - - ).

(c) Write |1101100100---) in terms of excitations about the “filled Fermi sea” |Q) =
|1111100000- - -). Interpret your answer in terms of electron and hole excitations.

(d) Find (1| N|¢), where [1) = A[100000) + B[111000), N = 3", cle;.
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Problem 2. Bogoliubov transformations

Consider two fermions a; and as

(a) Show that the Bogoliubov transformation

T
1 = uaq + vasy,
(1)

c; = —va; + ua;
where u and v are real, preserves the canonical anticommutation relations if u?+v? = 1.
(b) Use this result to show that the Hamiltonian
H = e(alay — azal) + Alalal +h.c.), (2)
can be diagonalized in the form

H=ve+ A (ce; + chey — 1). (3)

(c) What is the ground-state energy of this Hamiltonian?

(d) Write out the ground-state wavefunction in terms of the original operators a{ and ag
and their corresponding vacuum |0) (i.e., a; 2 |0) = 0).
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Problem 3. Self-consistency in BCS superconductivity
In class we derived the following Hamiltonian (which was valid for k near the Fermi surface)

g
H = (e — p)ef o — v Dl e (4)

ko K,k

(a) Repeat the mean-field ansatz A = —Z (Y, c_1v 1 p) to obtain the mean-field Hamil-
tonian

. 1%
HWngyq—ukb@ﬂ+§]Aa%wm+h@}H?AF (5)
k

k,o

(b) With what we learned in Problem 2, make a Bogoliubov transformation to put this
Hamiltonian into the form

v
Hypr = ZEk(alT(,gak,a —1/2) + E|A|2- (6)
K

(c) What is the ground-state wave-function for this system (write in terms of the electron
vacuum |0) and ¢y, operators)? (Hint: Given the state |0) annihilated by ¢ operators,
the state a_x rax  |0) is annihilated by a_x+ and ay ;.)

(d) Call the wave function from the previous part |¢pcs). Show that the self-consistent
equation derived from A = —Z (3", c_i a0 q) is

A_g / Bk A )
|ekf,u|<wD (27T)3 2\/(61( - ,LL)2 + AQ“

(e) Finally, find a nonzero approximate solution to (d) in terms of terms of the g, wp, and
the density of states at the Fermi level py. (Approximations are needed, if you get
stuck, look up in a book that covers superconductivity).
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Problem 4. Braiding Majoranas

Consider the following Hamiltonian for 4 Majorana fermions

3
H=iY Aoy (8)
=1

This can be made by taking three wires in the following geometry and tuning the supercon-
ducting gap between neighboring pairs.

\Ds

PR

In this problem, we are using {7;,7v;} = 2J;;.
(a) Put the Hamiltonian in block-diagonal form with 4, = > O,,7, such that

0 ¢ 0 0
Cig|-a 0 0 0.
H=57"10 0 0 e 9)
0 0 —e 0

What are €; and €,7 (ensure 4 are properly normalized)

(b) Define two fermions ¢; = (71 — i72) and ¢; = 3(vo — i73), and define a basis for the
Hilbert space as |[11) = chel [0), [10) = ¢l [0, [01) = ¢}]0), and ¢, ]0) = 0 = ¢, |0).
What is the Hamiltonian A in this basis? Hint: It will be in the form:

Heven O,
H= |: 0 Hodd':| (1())

where the rows are given by |00), [11), |01), and |10) with Heyen and Hoaqq two-by-two
matrices.

(c) Note that the parity operator P = 79717273 has eigenvalue 41 for |00) and |11) and
—1 for |01) and |10). When A; = 0 = A, what is the ground state manifold of H?
Show that when we restrict to the ground state manifold that P’ = iy, acts the same
as P.

(d) For Heyen find the ground states when (1) Ay = 0, (2) Agsz = 0, and (3) A3 = 0.
Compute the Berry phase for the path (1) — (2) — (3) — (1).

(e) Repeat (d) for Hogq.

(f) Using the ground states and operator in (c), create a unitary U = e’ that changes
each state by the Berry phase computed in (d,e).

(g) Compute Uy,UT and U~,UT to show that these Majorana fermions were exchanged —
we have braided two Majoranas.



